1 Problem 1

1. Evaluate the integral: fo sin?(t) cos®(t) dt.

Well, split off a cos(t) since they have an odd power: fow/z sin?(t) cos* (¢ )cos( )dt. Then set u = sin(t)
s0 du = cos(t) dt, and turn cos*(t) = (cos®t)? = (1 — sin®t)? since cos®t + sin® ¢ = 1.

Now,

/2 /2 u= COb(ﬂ'/2)
/ sin?(t) cos* (t) cos(t) dt = / sin?(t)(1 — sin®(¢))? cos(t / 21 —u?)?du (1)
0 0 u=

cos(O)
:/ —2u® +u') du (2)
e
:/u—2u +u? du (3)
1
= [u")7 - 2u/5 4+ u® /3] )
=0—(1/7-2/5+1/3) (5)
2 1 1
=Z_-_z 6
5 3 7 (6)
2.3.7 5.7 3.5
~5-3-7 357 7-3-5 (™)
42 -35-15 -8
- 105 105 (8)

2 Problem 2

2. Evaluate the integral: [(1+ sin®2)(1 + cos? x) dz.

First expand: [ 1 + sin®z + cos?z + sin? zcos? 2 dv. We can find [sin?z dr and [ cos?z dz using the
identities sin? z = (1 — cos 2x)/2, cos® x = (1 + cos 2x)/2:

[sin®zdr = [(1—cos2x)/2dx = x/2 — (sin2z)/4+ C
Jcos?x dr = [(1+ cos2x)/2dz = /2 + (sin2z)/4+ C

Thus we only need fsin2:c(:082x dz. Again, we use the identities sin?z = (1 — cos2z)/2, cos’z =
(1 + cos2x)/2:

[sin*zcos?z dr = [(1—cos2z)/2 (1 +cos2z)/2dz = % [(1— cos2z)(1 + cos2z) dz = % [ 1 — cos?(2z) d
AGAIN, we use the identities: cos?(2x) = (1 — cos(2(2z))/2 = (1 — cos(4x)) /2.
Then,
1/ 1—cos? =1[1-(1—cos(4z))/2dx =% [1/2+ cos(4x)/2 dz = % (x + sin(4z)/4) + C

Lastly add all we’'ve found:
/(1 +sin? 2)(1 + cos? z) dz = / 1+ sin® x + cos? x + sin® z cos? z dz (9)

= [x] + [¢/2 — (sin2x)/4] + [¢/2 + (sin2x) /4] + [é(:ﬂ +sin(4z)/4)] + C (10)
= 17z/8 + sin(4z)/32 + C (11)



3 Problem 3

3. Evaluate the integral: [ csc? t dt.

We will proceed via integration by parts, letting u = csct, dv = csc®tdt, so du = —csctcott dt,

v = —cott. Then,

/CSCStdt: (csct)(fcott)f/fcott~fcsctcottdt:fcsctcottf/cot%csctdt

We will use the equality cot?t + 1 = csc?t (divide cos? t + sin®t = 1 by sint), so
[ cot?(t) esc(t) dt = [(csc?t — 1) cse(t) dt = [ esc3(t) — csct dt.
Then,

/csegtdt:fcsctcottf/cotthsctdt: fcsctcottf(/csc3tfcsctdt)
= —csctcott—/csc3tdt+/csctdt

Now add [ csc ¢t dt to both sides, and note [csctdt = —In|csct + cott| + C, so

2 [esc3tdt = —cscteott —In|esct + cott| + C
= [escPtdt =—1cscteott — $In|esct + cott| + C

4 Problem 4

4. Evaluate the integral: foﬂ/4 tan® tsect ¢ dt.

Since there’s an odd number of tant, split off sec(t) tan(t) to set up u = sect:

w/4

foﬂ/4 tan® tsect t dt = 0

tan® t sec® t(sect tant) dt

Change tan*¢ into (tan?t)? = (sec? —1)2, then do our U-sub, u = sect, du = secttant dt:

/4 /4
/ tan® t sec® t(sect tant) dt = / (sec® —1)?sec® t(secttant) dt
0 0

u=sec(m/4)
= /_ . (u? —1)%u® du

u=v2/1
= / (u* — 2u® + 1)u® du

=1

u=v2
= / (u” —2u® +u?) du

=1

= [u® —u®/3 4 u' /4]Y?

= (V2 V2 3 V2 ) — (1/8 —1/3+1/4)
— (16 —8/3+1) — (1/8 — 1/3 + 1/4)
:17—7/3—3/8:17—%

=17 —77/24
= 485/24

(12)

(13)

(14)



5 Problem 5

5. Evaluate the integral: [ 1252 dg.

sec?

: : : . tanx _ sinx 1 _ sinz cos® z _ :
Get everything in terms of sinz, cosz: [ 125 dp = [S0L /L gy — [SMECS L gy — [sin g cosz du.

Now set u = sinz, du = cosz dz so the integral is [udu =u?/2+ C = sin®z/2 + C.

6 Problem 6

6. Evaluate the integral: [ sin 2z sin 3z dz.

We'll use the multiplication formula sina siny = £ (cos(z — y) — cos(z + y)) (remember where the minus
signs go in the formula by thinking sinus=minus).
Then sin2zsin3z = i(cos(2z — 3z) — cos(2z + 3z)) = i(cos(—z) — cos(5z)) = %(cosz — cosbz), so
[sin2zsin3z dz = [ (cosz — cosbz) dz = 3(sinz — (si

7 Problem 7

7. Evaluate the integral: [ sin® w cos* w dw.

Again, we use the identities sin® w = (1—cos(2w))/2, cos? w = (14cos(2w)) /2, turning sin® w = (sin® w)?,

cos* w = (cos? w)?. Then

- /sinGwcos4w dw — /((1 ~ cos2w)/2)? - (1 + cos 2w)/2)2 dw (25)
- 2%/(1 — cos 2w)?(1 + cos 2w)? duw (26)

. 2i5 (1 — cos 2w)[(1 — cos 2w)(1 + cos 2w)]? duw (27)

= 2% (1 — cos 2z)[1 — cos? (2w)]? dw (28)

(29)

Here, we’ll use our identity cos?(2w) = (1 + cos(2(2w))/2 = (1 + cos 4w /2):

= 2% (1 — cos 22)[1 — cos?(2w)]? dw = % (1 — cos2z)[1 — (1 + cos(4w))/2]* dw (30)
_ 2i5 / (1 — cos 22)[1/2 — cos(4w))/2]2 duw (31)
. 2i5 2%(1 — cos 2w)(1 — cos 4w)? dw (32)
_ % (1 — cos2w)(1 — 2cosdw + cos? dw) dw  (33)



Here’ we’ll use the identity cos?(4w) = (1 + cos(2(4w)))/2 = (1 + cos 8w)/2:

% /(1 — cos 2w)(1 — 2 cos 4w + cos? 4w) dw = % /(1 —cos2w)(1 — 2cosdw + (1 + cos8w)/2) dw (35)
= %/(1fcos2w)(3/2f2cos4w+cos8w/2) dw (36)
= 2% (1 — cos2w)(3 — 4 cos 4w + cos 8w) dw (37)
We expand (37):
I = 2% 3 — 4 cosdw + cos 8w — 3 cos 2w + 4 cos 4w cos 2w — cos 8w cos 2w dw (38)
= 2%[/3 — 4 cos 4w + cos 8w — 3 cos 2w dw + /4cos4wcos2w — cos 8w cos 2w dw] (39)
(40)

We know how to do the integral on the left, but for the one on the right we just need to know the integrals
J cos 4w cos 2w dw, | cos 8w cos 2w dw.

We'll use the multiplication formula cosz cosy = % (cos(z — y) + cos(z +y)):

cos 4w cos 2w = %(cos(élw — 2w) + cos(4dw + 2w)) = %(cos 2w + cos 6w) (41)
cos 8w cos 2w = %(cos(Sw — 2w) + cos(8w + 2w)) = %(cos 6w + cos 10w) (42)
Then

/cos 4w cos 2w dw = / %(cos 2w + cos 6w) dw = %[sin(Qw)/2 + sin(6w) /6] + C (43)
/cos 8w cos 2w dw = / %(COS 6w + cos 10w) dw = %[sin(6w)/6 + sin(10w)/10] + C. (44)

We return to our integral:
I= % /3 — 4 cos 4w + cos 8w — 3 cos 2w + 4 cos 4w cos 2w — cos 8w cos 2w dw (45)
= 2—18[/3 — 4 cosdw + cos 8w — 3 cos 2w dw + /4cos4w0052w — cos 8w cos 2w dw] (46)

= %(31{) — sin4w + sin(8w)/8 — 3sin(2w)/2 + 2sin(2w)/2 + 2sin(6w)/3 — sin(6w)/12 + sin(10w)/20) + C
(47)

and we're finally done.



